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APPROXIMATE SOLUTION OF PLANE PROBLEMS
FOR IDEAL ELASTOPLASTIC INHOMOGENEOUS BODIES

T. L. Zhakharova and D. D. Ivlev UDC 539.214;539.374

The theory of plasticity of inhomogeneous bodies was described by Olszak et al. and by Grigor’ev in [I,
2] in which the related bibliography is given. In the present paper, the algorithm of successive approximations
for determination of a stress-strain state of bodies from an ideal elastoplastic material, which was elaborated
by Ivlev and Ershov [3], is extended to the case of inhomogeneous bodies.

The Mises yield condition for inhomogeneous bodies is formulated as the limiting value of the energy
of elastic straining. As an example, we consider the biaxial tension of a thick plate weakened by a round hole.

1. For the plane problem, we write the elastic potential for an elastic isotropic incompressible body in
the form [4]

1
W= z=lop - 09)? + 472}, (1.1)

where W is the elastic potential, G is the modulus of shear; o,, 09, and 7,9 are the stress components in the
polar coordinate system p#. It is evident that the quantity W determines the strain energy of the material.
The material is assumed to be inhomogeneous:

G = G(p,9). (1.2)
According to (1.1), we obtain

1 1
C; = E(O’p - 0'9), C; = —e;, c;a = -ZETpg. (13)
Here e, §, and egg are the elastic strains subject to the compatibility condition

1_8_(2?2) 10%, Ode, 2 &

S\ Bp) T T T 5 o0 (peps)- (1.4)
We assume [5] that the plastic state occurs when the strain energy reaches some constant value:
1
W=cs (0, —09)? +41%) =k*, k= const. (1.5)
In accordance with (1.2), we rewrite relation (1.5) in the form
(0 — 09)? + 4725 — 8K?G(p,6) = 0. (1.6)

By relation (1.6), the yield point depends on the character of inhomogeneity when o, = 2k/2G(p) and
gg = Tpg = 0.
Regarding relation (1.6) as a plastic potential, we obtain
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where €7, ef, and ezo are the components of the plastic strain velocity. We write the modulus expression (1.2)

as
[o o]

G(p,0) = )_ 6"Gn(p,8), Go = const, (L.7)

n=0

where § is a small parameter.
The solution is constructed as the series

00 )
oij =) 5"0',(;), eij =y 6"e$}'), el (1.8)
n=0 n=0

Let us determine the first approximation. From (1.6)-(1.8), we have

/ 2
0’2 — 0§ = 2nk\/2G, a;, — o = nkGy Gy’ n= sign(o‘ﬂ —-ad), (1.9)

where the superscript 0 refers to the “unperturbed”-state components and the prime refers to the “perturbed”-
state components.

The equilibrium equations
!

do!, 107, o —0 arl, 1064, 27
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are satisfied assuming that [3]
,_10¢ 1 9%¢ , _ 0%, 9 (1 6@’)
o, = p ap + p2 -——-—'—602 , Og = ap2 y Tpg = ap P 50 ) (111)

We find from (1.9) and (1.11) that

2%’ 1 %% 169 2
- = — === —qky/ = G}. l.
0 R 5 "G & (1.12)
The general solution of Eq. (1.12) can be written as the sum of the solution of the homogeneous equation ®;,
and the particular solution of the nonhomogeneous equation ®}. According to [3],

&} = Ho1 + p?Hoz + pcos 0(Hyy + Hyzlnp) (1.13)
+p i [Hmi1 cos(yym2 — 11n p) + Hma sin(y/m? — 11ln p)] cos mé.
m=2
We present (G as the expansion
Gy = f: fm(p) cos mé. (1.14)
=0
We search for a particular solution of Eq. (1.12) with the right-hand side (1.14) in the form
o) = i Fra(p) cosmé. (1.15)
m=0
Substituting expansions (1.14) and (1.15) into Eq. (1.12), we have
Fale) = >Fa(e) + 1;f—;Fm(p) = —1ky [ ). (1.16)

It follows from (1.16) that

Fu(p) = JZ—%[ [ofotordo = [ @d,,] + nkp\/Gzo | [1n05i(p)do =105 [ fi(p) o]

801



2 & 1
+nkp Ce mz__—z \/Fn—z__—-—l_[cos(\/m2 —1ln p)/fm(p) sin(y/m2 — 11np)dp
—sin(yym2 —11n p)/fm(p) cos(y/m?2 — 11np) dp].
Using the general solution of Eq. (1.12), from (1.11) we obtain the relations for the stress components in the

plastic region:
2 1 folp) cosﬁ[ 2
P _ _ Bl BFAANA - =
o5 = 2Ho ﬂk\/ / dp + Hiy —nk o /fl(P) dp]

+ - Z cos(\/ —1lnp)((1— 2)Hml + ym? — 1Hma)

P m=2

+sin(y/m?2 — 1Inp)(—=ym? — LHm1 + (1 — m?)Hpy)] cos m8
-—nk\/gg[{\/mz ~ 1cos(yym2 — 11lnp) +sin(y/m? — 11n p)}/ fm(p)sin(y/m? — 11np)dp
—{W— Isin(\/m2 — 1lnp) — cos(y/m? — llnp)}/fm(p) cos(y/m? — 11n p) dp] cos m#,

a;p = 2Hqy — le\/—-—i:[/wdp + fo(P)] + i%O[le —ﬂk\/Gzo</fl(P) dp — Pfl(P))]
+- Z [cos(yym2—11np)((1 — 2)Hml + \Vm2—=1Hm2)+sin(y/m2~11n p)(—\/m2—1Hm:

m—-2

+(1 — m?)Hpma)) cos mf — nk\/—Gz;[{\/m2 -1 cos(\/m2 —1lnp) (1.17)
+sin(y/m? — llnp)}/fm(p) sin(y/m? — 11Inp)dp — {y/m? — 1sin(y/m?2 — 11np)
—cos(y/m2 ~1 lnp)}/f,,,(p) cos(y/m? — 11n p) dp — pfm(p)] cos m#,

;’;—Slne[sz—nk\/—' J 1 p)dp]+ S [yt — 1(= Hmysin(y/m? — 11np)

m—2

+Hma cos(yym? — 11np))]sinmb — 17Is:m\/G,-[sm(\/m2 ~1ln p)/fm(p) sin(y/m2 — 11lnp)dp
+ cos( m2 — 1lnp) / fm(p) cos(yym?2 — 11n p)dp] sin m@.

The stresses in the elastic region are found from the nonhomogeneous biharmonic equation
VY = n¥(p,0), (1.18)

where the right-hand side is determined, according to (1.3), (1.4), (1.7), and (1.8), as follows:

M=) 8y A= #0y g6 e
Go dp? Go 06?2 Go 0p?
2p* Gy 3p3G1] 9 0 9 3p3(cf — ap) 0G,
+[Go 5 TG 15\ Tt T 5

(1.19)
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Let us represent ¥ as the expansion

U= i U n(p) cosmé. (1.20)

m=0
The solution of the homogeneous equation (1.18) is known [4]. The particular solution of Eq. (1.18) is

found similarly to (1.15). Using the general solution (1.18) and the substitution (1.11), we obtain the relations
for the stress components in the elastic region:

1
o) = 2001 + (2Inp+ )0z + 500 + %[—/p‘llo(p) dp~2 [ pln po(p) dp
1 2 1
+2 lnp/p\Ilo(p) dp+ —-2,-/;)3‘1'0(/)) dp] + {2,0011 - 5Ci2+ —014}C050
p p p
nie _Ly LI ]
+4[2/\I/1(p)dp p/p ¥1(p)dp + 557 /p ¥1(p) dp| cos §

+ 3 {—=m(m = 1)p""2Cm1 —m(m +1)p"™ 2 Crng

m=2

—(m+1)(m —2)p"Cmz — (m + 2)(m — 1)p" " Crns} cos mb

i m—2 —-m-+1 -m—2 m--1
+e [mp / P Um(p)dp + mp / P Um(p) dp
~(m=2p™ [ 7" (o) dp — (m + 2™ [ o™ () dp] cos o,
1

oy =2Co1 + (2lnp + 3)Coz — ?C’o‘; + %[/p\llo(p) dp — 2/pln p¥o(p)dp
1 ' 2 1

+2lnp/p\1’o(p) dp — —Z/PS‘I’O(P) dp] + {GPCH +=5Ci2 + —Cu} cos 8
p p p

(3 _Lr LI ]
+4[2/‘I'1(p)dp p/p\lfx(p)dp 2p3/p\1'1(p)dp cos §

+Y {m(m- 1)p™ 2Cm1 + m(m + 1)p" ™ 2Cpa

m=2

+(m+1)(m+2)p"Cm3 + (—m + 1)(—m + 2)p" " Cpna} cos mb (1.21)

+8Lm[ — mp™ / P W (p) dp — mp™™ / P W m(p) dp
+m+2)p™ [ 5 () dp — (—m+ 2™ [ o () dp] cos o,
2 1 . nip 1
T,I;f; = {2an - ;3—012 + ;CM} sin @ + Z[E./\Ijl(p) dp — ;/pz\lll(p) dp
1 4 . >, m—2 -_m—2
+m/p Ui(p) dp] sind+ Y {m(m—1)p™"*Cmi —m(m + 1)p Cm2
m=2

+m(m + 1)p™ Cms — m(m — 1)p""Crna} sinmé + %[— pm? / p~" U (p) dp

+p7m / P Wm(p) dp + p™ /p""“‘I’m(p) dp—p™" / P m(p) dP] sin m0.
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1 "

Fig. 1

The radius of plasticity is determined from the conjugation condition [3]
da)
%

2. Let us consider an infinite plane with a round hole of radius a which is stretched at infinity by
two mutually perpendicular tensile stresses p; and p;, the normal pressure pg (see Fig. 1) acting on the hole
contour. For an ideal isotropic elastoplastic body, this problem was considered by Galin [6].

We determine the solution near a certain “unperturbed” state by the small-parameter method. As the
parameter, we use the quantity § = (p1 — p2)/2k.

Below, all quantities that have the dimension of stress will be referred to the yield point k, and the
quantities that have the dimension of length will be referred to the radius of the plastic “unperturbed”-state
zone ros. We denote o, = o, /k, 7,9 = 7r9/k, p = r[r0s, @ = afros, and ¢; = pi/k, where : = 0, 1, and 2. For
the nondimensional quantities oy/k and G/k, we use the former designations oy and G.

For 0 £ 6 < 1, the plate is in an elastoplastic state. We need to determine the stress-strain state of the
plate and the boundary between the elastic and plastic zones.

According to [3], the linearized boundary conditions are of the form

[aé + p;] =0 for p=1 (1.22)

0% =q—6cos20, 0§ =q+8cos20, 7% =06sin20, q=(q+q)/2 (2.1)
at infinity and

ob = —qo, T;o =0 for p=a (2.2)

on the hole contour.

Let us consider a zero approximation, i.e., the limiting case where § = 0. As the “unperturbed” state,
we choose the axisymmetric state of the plate with a hole with radius a whose contour is under the normal
pressure pp and under the uniform pressure p = p; = p; at infinity. The solution of this elastoplastic problem
is known [3] and is as follows:

0% = —qo + 271n(p/a), og’ = —qo+ 29[l +In(p/a)], Tof =0; (23)
ot =q-n/p’, o’ =q+n/p’, T =0. (24)

In this case, the boundary between the elastic and plastic zones will be a circumference with radius ros =
aexp|(lgo — q| —1)/2]. In the general form, the plastic and elastic solutions are determined by formulas (1.17)
and (1.21).
On the hole contour, we have
of = T",‘; =0 for p=a (2.5)
According to 3], the conjugation conditions take the form
fe

t
of = oy, To=Th for  p=1 (2.6)
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According to (2.1), at infinity

oy = —6cos20, 7,5 = &sin 20 for p=o

(2.7)

Satisfying conditions (2.5)—(2.7), from (1.17) and (1.21) we obtain the relations for the stress components in

the plastic zone:

P
o'P = \/;/ fO(P - %‘/Gzo[(\/gcos(\/ilnp)+sin(\/glnp))/fg(p)sin(\/ilnp)dp

p

—(V3sin(v/31n p) — cos(v31n p))/fz(p) cos(v/31np) dp] cos 20,

P P
of = \/—[/ fol()P dp+ fo(p )]—%\/Gi—o[(\/gcos(\/glnp)+sin(\/§lnp))/fg(p)sin(\/glnp)dp

p

—(v/3sin(v31xr p) — cos(v/31n p)) / f2(p) cos(V31n p)dp + pfz(p)] cos 26, (2.8)

p P
P _g\/GZO[Sin(\/glnp)a/fz(p) sin(\/gln p)dp+cos(\/ﬁlnp)a/fg(p)cos(\/gln p) dp] sin 26.

Tog = p

The relations for the stress components in the elastic zone are of the form

P P ]
C 1 1
R /(P+2P1n/’)‘1’0(ﬂ)dp+2lnP/P‘I’o(P)dP+'/;7/P3‘I’0(P)dp]
oQ o0 o0

o, 7 T

6 17 £ ¥a(p) 1/ 2 ¢
+( 1 Coz 024 + 8[(! p p+ p4£p Wa(p) dp on[p%(p) dp| ) cos 26,

(p) 1 4 Ty (p) 17
2 3 2[x2 ;
alp+—p4 /p Uy (p)dp+p /————p3 dp — pZ/!p\Ilz(p) dp]) sin 26, (2.9)

oo 1 1
Cn=z+s / (G-r = =) walo)do - e / o) sin(V31n p) dp + / falp) cos(v/31n p) dp,
[o] 1 1
3
Cu= 1+ 75 [ (o425 =2 )Walo) o+ 5 [ 1oy sin(VBim ) - o | 1oy cos i p)

1
From (2.3), (2.4), (2.8), (2.9), and the conjugation condition (1.22), we find the radius of the plastic
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zone:

—

47p1npwo()dp+ o)+ L+ %7(———35)
1

ydp + ;:fz(l)] cos24. (2.10)

The particular function of the inhomogeneity is chosen as follows:
B
G = % + ;gcos 20, A, B = const, (2.11)

where G, A, and B are referred to the yield point k. The character of behavior of the inhomogeneity (2.11)
is determined from the requirement of convergence of the integrals (2.8)-(2.10). The inhomogeneity can be
arbitrary to the finite limit pg. If the inhomogeneity is specified in the form (2.11), the relation for the radius
of the plastic zone takes the following form, according to (1.14), (1.19), (1.20), (2.10), and (2.11):

y_ A A +35A+ A +[1+£_y}_ _2__+507B
Ps = 4 Go 18Gy 10a5 4 19V Gy 560Gy
+§£T‘/Glo(4 cos(v31na) — v3sin(v31n a))] cos 26. (2.12)

It follows from (2.12) that the effect of the inhomogeneity, which is characterized by the quantities 4 and B
in (2.11), depends on the modulus of shear Gp and on the parameter with radius a. Note that the smaller the
Go and a, the greater the p,. For A = B =0, the results of [3] hold true.

Note that material inhomogeneity leads to a change in the stress state in both the plastic (2.8) and
elastic (2.9) zones. The displacements can be found accordmg to [3, 7], and the spatial state can be determined
according to [8].
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